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Starting with the identity 
4d&J .-a A(a,) = F c p(d) log2 d, 
4‘4 
where all ai> and(ai,aJ)=l for i#j, A=alaz”‘ak, and/l is the 
von Mangoldt function, the behavior of power series generating functions of 
such forms as 
(1 - z) 2 4al(nN4a2(n)) ... 4adnN” 
n=1 
is studied in the vicinity of z = 1. Formally, the conjectured asymptotic 
formulas for the distribution of various sets of prime numbers, such as twin 
primes, Goldbach decompositions of 2n, etc., can be obtained. Rigorously, the 
analytic problems encountered involve the evaluation of certain constants, 
and the application of appropriate Abelian and Tauberian theorems. In many 
cases (e.g., the twin prime problem) only the necessary Abelian theorem remains 
unsupplied. This method may be regarded as generalizing a proof of the prime 
number theorem given by N. Wiener. 
1. HISTORICAL INTRODUCTION 
The von Mangoldt function cl(n) is defined by 
log p 
44 = lo 
if n is a power pk of any prime p, for any k > 1 
if the number of distinct prime factors of n is #l. 
If n = nizl phi, then log 12 = xi=, 01~ log pi = &nfl(d), and by Miibius 
inversion, /l(n) = Cdln p(d) log n/d = --&I~ p(d) log d. Also, ‘u(n) = 
uvula = log L.C.M. (1,2 ,..., n), and it is well-known that the prime 
number theorem is equivalent to: Y(n) - n as IZ + CO. 
* This research was supported in part by the Air Force Office of Scientific Research, 
under Grant AFOSR-68-1555-A. 
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N. Wiener gave the following proof of the prime number theorem: 
(i) (1 - z) F /l(n) z’& = - 5 
p(d) log d zd 
ll=l d=l 1 + z + 22 + *.* + Y-1 
(by Lambert’s identity), 
(ii) 
(where the term-by-term limit as z + 1 - is justified by an Abelian theorem, 
specifically the theorem that the Lambert transform is regular [l]). 
(iii) Then $ g /l(n) - 1, N -+ co (by Wiener’s Tauberian theorem) 
?l=l 
which is the statement Y(N) - N, N -+ co and, hence, the prime number 
theorem. 
2. A CLASS OF FAMOUS UNSOLVED PROBLEMS 
Each of the following famous conjectures can be formulated in terms of 
the spacing or positioning of two primes, or of two prime powers: 
(a) Goldbach’s Conjecture: Every even number > 4 is a sum of two 
odd primes. 
(b) The Twin Prime Conjecture: There are infinitely many pairs of 
prime numbers whose difference is 2. 
(c) de Polignac’s Conjecture: Every even number is a difference of 
two primes (in fact, in infinitely many ways). 
(d) The Mersenne Prime Conjecture: There are infinitely many pairs 
of consecutive prime powers, where the second number is even. 
(e) The Fermat Prime Conjecture: There are infinitely many pairs of 
consecutive prime powers, where the second number is odd. 
To justify the last two formulations, it is easily shown that 2” &- 1 is 
never a perfect power (higher than the first power) with the sole exceptions 
of2l-- 1 = lkand23+ 1 = 32. 
There are also conjectures regarding the frequency of triples of primes 
(such asp, p + 2, p + 6) or even larger sets. For some of these problems 
LAMBDA METHOD IN PRIME NUMBER THEORY 195 
there are plausible conjectures regarding the asymptotic distribution of the 
sets of primes involved [including conjectures (a), (b), and (c)l, while for 
other problems no highly plausible conjectures exist [including cases (d) 
and (e)]. 
It is for the further study of this class of problems that the Lambda 
method is proposed. 
3. LOGARITHMETIC FUNCTIONS 
Let f(p) be any complex-valued function whose domain is the set of 
primes, We will extendf(p) to the positive integers in two different ways. 
Let it = Cizlp;’ be the canonical factorization of n. Then the primary 
function corresponding tof(p) is 
44 = I f(P) if v=l 0 if ufl 
and the logarithmetic function corresponding to f (p) is 
v(n) = i Lqf(Pi) = c +9* 
61 din 
Two familiar examples are: (1) f(p) = 1, u(n) = x(n), the characteristic 
function of the set of prime powers, v(n) = p(n) = the total number of 
prime factors of n; (2) f(p) = logp, u(n) = A(n), and v(n) = log n. 
Note that u(ab) = o(a) + v(b) for all positive integers a and b if, and 
only if, v(n) is a logarithmetic function. 
In addition to the Mobius inverse of Cdln u(n) = v(n), which gives us 
u(n) = x&p(d) u(n/d) = -&In p(d) u(d), we have the following more 
general identity, which is not a Mobius inverse relation in the usual sense: 
If a, , a2 ,..., ak are all integers > 1 and pairwise coprime, then 
where A = jjfl ai . 
For example, if a > 1, b > 1, and (a, b) = 1, then 2/l(a) /I(b) = 
lEdlab Ad) log2 4 and 2x(a) x(b) = IGab A4 p2W The proof of (*I was 
first given in [2]. It is this identity which furnishes the basic tool which 
we will apply to the study of the probIems mentioned in Section 2. 
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4. EULER PRODUCTS 
The original Euler product identity takes the forms 
and 
[-l(s) = f 9 = n (1 -p-q. 
Ik=l P 
More generally, iff(p) is any complex-valued function defined on the 
primes, with corresponding logarithmetic function u(n), we have the formal 
identities 
Iyl (1 - e-sf’P’)-l = il e-suw) 
and 
r/ (1 - t+(P)) = f  &) pv(n) 
?I=1 
which reduce to Euler’s case iff(p) = logp. 
Still more generally, we observe 
l-J (1 - e- (s,fl(P)+...+s,fklP,,)-l = 2 e-(s,v,(n)+...+s,uk(n)) 
?Z=l 
and 
As a very special instance, we can write 
n (1 - z--l = f 2p) ; 
P n=l 
which is the case s, = s, f,(p) = logp, s2 = log z, and f,(p) = 1. By 
taking appropriate derivatives of such expressions, many sums involving 
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primary functions and logarithmetic functions can be readily 
For example, if 17(x) denotes the number of prime powers 
(by Section 3, above) 
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evaluated. 
<x, then 
17(N) = - : p(d) v(d) [$I 
d=l 
is an exact formula for all N, which yields the approximation 
Since 17(N) = o(N) as N -+ co, it is reassuring to discover that 
cd ’ 
m A4 44 = o 
d=l 
which is obtained from 
li p(d) ZY(d) 
a=1 d” 
=n(1-$) 
P 
by first differentiating with respect to z, and then setting z = s = 1, 
and using known properties of the Riemann zeta function. 
In applying the Lambda method to new problems while following the 
outline of Wiener’s proof of the prime number theorem (Section 1, above), 
these Euler product identities facilitate the evaluation of the constant 
occurring in steps (ii) and (iii). Such an application is sketched briefly in 
the following section. 
5. APPLICATION OF THE LAMBDA METHOD TO THE TWIN PRIME PROBLEM 
For even a > 2, 242 - 1) A(a + 1) = &I(+~) p(d) log2 d, by for- 
mula (*) in Section 3, above. 
Thus,forjzl < 1, 
G(z) = 2 i A(u - 1) d(a + 1) za - (log? 3) - z2 
evena= 
,,,E,, p(d) log2 d= f A4 1%’ d c za; Oddd=l evenaa=l(modd) 
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and since cl(a - l)/l(a + 1) = 0 unless both a - 1 and a + 1 are prime 
powers, it is easily shown that 
hi- (1 - Z) G(Z) = 0 
unless there are infinitely many twin primes. 
Forlzi (1, 
where the ai are the 2Ytd) even roots, between 0 and 2d, of the congruence 
a2 = l(mod d). 
If the term-by-term limit could be justified, we would get 
;p (1 - z) G(z) = f 
oddd=l 
P(d) 1”;; d 2Y(d’ = 4 n (1 - (P : 1>2 ) > O, 
P>2 
not only proving that there are infinitely many twin primes, but establish- 
ing, by virtue of a known Tauberian theorem, that the density T(x) of the 
prime twins up to x satisfies 
T(x) - Cx/ln2 x, x-+ 00, 
where C is the twin prime constant [3] given by 
c=2pR2(' - &)2). 
The only gap in this argument is that no Abelian theorem strong 
enough to justify the term-by-term limit as z + I- has yet been found. 
Unlike Wiener’s proof of the prime number theorem, the transformation 
in the twin prime calculation analogous to the Lambert transformation 
is not regular in the sense of Schur-Toeplitz. However, there is certainly 
the possibility that an Abelian theorem sufficient for the specific series at 
hand may be found. 
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